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Abstract-Based on the concept of components of elements of a complete lattice this paper 
proposed the theory of granular lattices and proved that a topological space X is locally connected 
if and only if the lattice n(X) of its topology is a granular lattice. Moreover, this paper discussed 
compactness of abstract semantics on certain granular lattices and proved that the semantics is 
compact if it is continuous in a natural sense, and as a corollary, the compactness of Lukasiewicz’s 
semantics was clarified. @ 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Sixty years ago, Stone published his famous paper and proved an important theorem which is 
now known as the Stone’s Representation Theorem [l]. This theorem established a connection 
between Boolean algebras and topological spaces. In 1957, Ehresmann initiated the profound 
theory of locales which led out the algebraic and categorical study of topological properties [2] 
and is now known as the Generalized Space Theory. Let X be a topological space, then the topol- 
ogy O(X) on X is a complete Heyting algebra with respect to the partial order of set inclusion. 
Basic topological properties of X such as separation properties, compactness, zero-dimensional 
property, etc., can be represented via corresponding lattice theoretic properties of R(X). The 
aim of this paper is to introduce the so-called Granular Lattice and to prove that a topological 
space X is locally connected if and only if n(X) is a granular lattice. Moreover, this paper in- 
troduces the concept of continuity of abstract semantics on a specific granular lattice and proves 
that the semantics is compact if it is continuous. 
Throughout this paper, L will be used to denote a complete lattice. In Section 2, the concept 
of components of an element of L is introduced and investigated which is necessary for and is a 
preparation of Section 3 where the theory of granular lattices is established. Section 4 deals with 
abstract semantics on simple granular lattices. Last, Section 5 is the conclusion. 
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2. COMPONENTS OF ELEMENTS 
DEFINITION 2.1. Suppose that a,b E L. a is said to be wider than b and denoted a(w)b if there 
exists b’ E L such that 
bVb’=a and bAb’=O. (1) 
b is said to be a component of a if b 5 a and 
b I c 5 a implies that c(w)b. 
The set consisting of all components of a will be denoted by camp(a). 
It is clear that a(w a(w)O, and (0, a} c camp(a). Moreover, 




(i) Suppose that L = 2x, X # 0, A, B E L. Then A(w)B iff B c A iff B E camp(A). 
(ii) Suppose that L = [0, llx, X # 0, f,g E L. Then f(w)g iff V’z E X, g(z) > 0 implies that 
f(z) = g(z). Moreover, f(w)g iff g E camp(f). 
EXAMPLE 2.3. Suppose that L = (0, 1) UX, 1x1 > 2 and 0 $Z X, 1 $! X. Define an order 5 on L 
as follows. 
(i) Vx E X, 0 <x < 1. 
(ii) Different elements of X are not comparable. Then camp(1) = L. 
EXAMPLE 2.4. 
(i) Suppose that L = {O,l,a, b,s} and 0 < a < x < 1, 0 < b < 1 and all other pairs of 
elements are incomparable, then l(w)a because a V b = 1 and a A b = 0, but a is not a 
component of 1 because a < x 5 1 while x(w)a does not hold. 
(ii) Suppose that L = (0, 1, a, b, a’, b’,c,} and 0 < b’ < a < 1, 0 < a’ < b < 1, 0 < c < a, 
c < b, then a E camp(1) because l(w)a and there exists no other element in between 1 
and a. Similarly, b E camp(1). Moreover, c E camp(a) n camp(b) and c @ camp(1). This 
example shows that the property of being a component’s component does not imply the 
property of being a component. 
THEOREM 2.5. Suppose that L is distributive, then we have the following. 
(i) a(w)b iff b E camp(a). 
(ii) Vb E camp(a), 3!b’ E L such that 
bVb’=a and bAb’=O. (4 
(iii) b E camp(a) and c E camp(b) imply that c E camp(a). 
(iv) Vu E L, camp(a) is closed under finite unions. 
PROOF. 
(i) Suppose that a(w)b, then there exists c E L such that bVc = a and bAc = 0 hold. Assume 
that b 5 e 5 a, then 
bV (cAe) = (bVc) A (bVe) = aAe = e, 
bA(cAe)<bAc=O 






Suppose that b E camp(a) and b” E L such that 
b V b” = a and b A b” = 0 
hold besides (4). It follows from (4) and (5) that 
b” = a A b” = (b V b’) A b” = (b A b”) V (b’ A b”) = b’ A b”, 
hence, b” 5 b’. Similary b’ < b”, therefore, b” = b’. 
It follows from b E camp(a) and c E camp(b) that there exist d, e E L such that 
3 
(5) 
bVd=a, bAd=O, cVe=b, cAe=O. 
Let h = d V e, then it follows from (6) and distributivity that 
cVh=(cVe)Vd=bVd=a, 
cAh=cA(dVe)=(cAd)V(cAe)=cAdIbAd=O. 
Hence, a(w)c and (iii) follows from (i). 
Suppose that bl, b2 E camp(a), then there exist cl, cz E L such that 
bi V Ci = a, bi A Ci = 0, i = 1,2. 
Let b = bl V bz, c = cl A ~2, then it is easy to verify that a(w)b, and hence, 
Moreover, V 0 = 0 E camp(a), hence, camp(a) is closed under finite unions. 
(6) 
(7) 
b E camp(a). 
REMARK 2.6. 
(i) Consider the lattice L given in Example 2.4 (i), we see that l(w)a but a E camp(1) does 
not hold. 
(ii) Consider Example 2.3 and assume 1x1 2 3. Then X contains three different elements b, 
b’, and b”, of which both (4) and (5) hold. 
(iii) Consider Example 2.4 (ii), we see that a E comp( 1) and c E camp(a), but c E comp( 1) does 
not hold. All those mentioned above and the following example show that the condition 
that L is distributive cannot be moved from Theorem 2.5. 
EXAMPLE 2.7. Assume that L is shown as in Figure 1. 
Figure 1. 
Since a v a’ = 1, a A a’ = 0, hence, l(w)a. Moreover, a < c < 1 and c(w)a and this shows that 
a E camp(1). Similarly, b E comp( 1). But c = a V b does not belong to comp( 1) because l(w)c 
does not hold. 
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THEOREM 2.8. Suppose that L satisfies the conditions that 
=V(aAbi), ai,biEL, iE I, (8) 
iEI 
=A(aVbi), ai,biEL, ~EI. (9) 
iEI 
Then ‘da E L, camp(a) is closed under arbitary unions and nonempty intersections. Especially, 
camp(1) is a subcomplete lattice of L. 
Equations (8) and (9) will be referred to as the first and the second infinite distributive law, 
respectively. 
PROOF. Suppose that I # 0 and Vi E I, bi E camp(a), then there exist b: E L (i E I) such that 
bi V bi = a, bi A bi = 0, i E I. 
Let b = Vi,* bi and b’ = /jiE1 b:, then it follows from (9) that 
Moreover, it follows from (8) that 
Therefore, a(w)b, and hence, by virtue of Theorem 2.5 (i) b E camp(a) follows. If I = 8, then 
b = 0 and b E camp(a) is still valid. The remaining of the theorem can be proved similarly. 
DEFINITION 2.9. An element a of L is said to be of finite GM if camp(a) is a finite set. The 
set consisting of all components of a with finite width will be denoted by Fin(a), i.e., 
Fin(a) = {b 1 b E camp(a) and camp(b) is finite}. (10) 
EXAMPLE 2.10. An element A of 2x is of finite width if and only if IAl is finite, and it is clear 
that IFin( = jcomp(a)I = 2 IAl whenever A is of finite width. An element f of [0, llx is of finite 
width if and only if [Suppfl is finite. 
THEOREM 2.11. Suppose that L is distributive, then we have the following. 
(i) a is of finite width implies that V b E camp(a), b is of finite width. 
(ii) a, b E comp(a V b) implies that 
comp(a V b) = camp(a) V camp(b), 
where 
AvB={xv~IxEA,~EB}, A,B c L. 
(iii) Fin(a) is closed under finite unions and hence is directed. 
(11) 
(12) 
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PROOF. 
(9 Theorem 2.11(i) is a corollary of Theorem 2.5(iii). 
(ii) It follows from Theorem 2.5(iii), (iv) and the condition a, b E comp(a V b) that 
camp(a) V camp(b) c comp(a V b). 
Conversely, suppose that c E comp(a V b), then there exists T E L such that c V T- = a V b 
and c A r = 0 hold. Let d = c A a, e = c A b, d’ = r A b, e’ = r A b, then it follows from the 
distributivity of L that 
d v d’ = (c A a) v (T. A a) = (c v r) A a = (a V b) A a = a, 
d A d’ = (c A u) A (T A a) < c A T = 0, 
and hence, d E camp(a). Similarly, e V e’ = b, e A e’ = 0, and hence, e E camp(b). 
Moreover, c = d V e, hence, c E camp(a) V camp(b) an d comp(a V b) c camp(a) V camp(b) 
is proved. 
(iii) Suppose that b, c E Fin(a). First, prove that 
b E comp(b v c), c E comp(b V c). 
In fact, choose b’ E L such that b V b’ = a, b A 6’ = 0, and let d = b’ A c, then 
(13) 
b V d = b V (b’ AC) = (b V b’) A (b V c) = a A (b V c) = b V c, 
b A d = b A (b’ A c) 2 b A b’ = 0. 
Hence, b E comp(b V c). Similarly, c E comp(b V c). Assume that /cornp( = m, 
jcomp(c)I = n, then it follows from (ii) that 
jcomp(b V c)l = Icomp(b) V comp(c)l I m x n. 
Hence, b V c is of finite width. Moreover, it follows from Theorem 2.5(iv) that b V c E 
camp(a). Therefore, b V c E Fin(a). Furthermore, VS = 0 E Fin(a), hence, Fin(a) is 
closed under finite unions. 
3. GRANULAR LATTICE 
DEFINITION 3.1. An element g of L is said to be a granule if g # 0 and camp(g) = {O,g}. The 
set consisting of all granular components of a will be denoted by Gcomp(a). L is said to be a 
granular lattice if Va E L, 
a= v Gcomp(a) (14) 
holds. 
EXAMPLE 3.2. 
(i) In Example 2.2 (i), g ranules are single element subsets of X, in Example 2.2 (ii), granules 
are fuzzy points on X. Both 2x and [0, llx are granular lattices. 
(ii) In Example 2.3, all elements of L are granules except 0 and 1, and L is a granular lattice. 
EXAMPLE 3.3. Let L be the set consisting of all open subsets of R, then L is a complete Heyting 
algebra with respect to the order of set inclusion. An element G of L is a granule if and only if G 
is one of the types (a, b), ( a, oo), or (--co, b). It is clear that L is a granular lattice. 
EXAMPLE 3.4. Let L be the complete Heyting algebra consisting of all open subsets of R - Q, 
where Q is the set of rationals, then it is clear that L contains no granules. 
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EXAMPLE 3.5. Let X be a Ti topological space and L be the complete lattice consisting of all 
closed subsets of X, then L is a granular lattice where granules are single element sets. 
EXAMPLE 3.6. Let H be a Hilbert space, L is the set consisting of all closed subspaces of H, 
then L is a complete nondistributive lattice with respect to the order of subspace inclusion. 
Assume that S E L, then S is a granule if and only if S is an one-dimensional subspace of H. 
Suppose that M E L and M # 0. Then for every one-dimensional subspace S of M, 
SU(S’nM)=M and S n (Sl n M) = (0) 
hold, where S’ is the orthogonal complement of S with respect to H. It can be proved from this 
fact that S E Gcomp(M) and M = VGcomp(M). Therefore, L is a granular lattice. 
THEOREM 3.7. Suppose that 
Gcomp(a) # 0 (15) 
holds for every nonzero element of L and L satisfies both the first and the second infinite dis- 
tributive law, then L is a granular lattice. 
PROOF. Suppose that a # 0, then (15) holds. Let b = VGcomp(a), then it follows from 
Theorem 2.8 that b E camp(a). Hence, there exists b’ E L such that bVb’ = a and br\ b’ = 0 hold. 
If b’ # 0, then b’ has a granular component b*. Since b’ is also a component of a, it follows from 
Theorem 2.5 that b* E Gcomp(a), and hence, b A b’ 2 b A b* = b* # 0, a contradiction! Therefore, 
b’ = 0 and a = b, and hence, (14) holds. 
THEOREM 3.8. Suppose that X is a topological space, R(X) is the lattice consisting of all open 
subsets, then X is locally connected if and only if n(X) is a granular lattice. 
PROOF. Necessity. Suppose that X is locally connected, G is any nonempty open set, then G is 
the union of all its connected components, i.e., G = lJ{Hi 1 i E I}, and Hi is open (i E I) [3]. 
On account of the connectivity of Hi it follows that Hi is a granule in n(X). Moreover, let 
H,! = U{Hj 1 j E I, j # i}, then H,! E n(X) and Hi U H,! = G holds. Furthermore, the connected 
components {Hi 1 i E I} of G are pairwise disjoint, hence Hi n H,! = 0, and therefore, Hi is a 
component of G in lattice theoretic sense. This proves that G = UGcomp(G), i.e., 0(X) is a 
granular lattice. 
Suffriciency. Suppose that sZ(X) is a granular lattice. Let G be any open neighbourhood of 
a given point IC of X, then G = UGcomp(G), hence, there exists H E Gcomp(G) such that 
2 E H. Since H is a granule it is a connected open set satisfying zr E H c G. Hence, X is locally 
connected. 
4. COMPACT SEMANTICS ON SIMPLE GRANULAR LATTICES 
In this section, the concepts of continuity and compactness of abstract semantics on granular 
lattices of a specific type and their relations will be discussed. 
The following propositions are obvious. 
PROPOSITION 4.1. Suppose that L is a linearly ordered complete lattice, then every nonzero 
element of L is a granule and hence L is a granular lattice. 
PROPOSITION 4.2. Supposethat {Li 1 i E I # 0) is a family of granular lattices and L = ni,, Li 
is their product lattice, then we have the following. 
(i) An element (ui)ie~ of L is a granule if and only if 3!io E 1 such that ai, is a granule of Li, 
and ui = 0 holds for every i # io. 
(ii) B = (bi)i~~ is a component of A = (ui)aEl if and only if Vi E 1, bi E comp(ui). 
(iii) L is a granular lattice. 
Granular Lattices 
DEFINITION 4.3. Suppose that {L, 1 2 E F # 0) is a family of linearly ordered granular lattices, 
then their product L is said to be a simple granular lattice on F. 
DEFINITION 4.4. Suppose that L = n{Lz 1 z E F} is a simple granular lattice on F and R c L, 
then we have the following. 
(i) 52 is said to be an abstract semantics on L if 52 # 0 and 1 $! C& where 1 = (lz)zEF is the 
largest element of L. 
(ii) An element A of L is said to be satisfiable if there exists w E 51 such that A 5 w. 
(iii) An abstract semantics R is said to be compact if V A E L, A is satisfiable if and only if 
every component of A with finite width is satisfiable. 
Note that an element A of L can be considered as a mapping A : F + UiEF L, satisfying the 
condition that A(z) E L, (z E F). 
DEFINITION 4.5. Suppose that F has a countable subset P = {pr ,p2,. . . } and there exists a 
mapping 
cp:F-+2 (P) - 0, (16) 
where 2tp) is the family consisting of all finite subsets of P, then we say that F has a struc- 
twe (P,cp). 
DEFINITION 4.6. Suppose that L = fl{Lz ) II: E F} is a simple granular lattice on F and F has 
a structure (P,cp). An abstract semantics 0 on L is said to be determined by P = {pl,pz, . . . } 
if for every sequence (bl, bz, . . . ) where bk E L,, (k = 1,2,. . . ) there exists a unique v E 52 such 
that V(pk) = bk holds for each pk E P. Moreover, Cl is said to be continuous at (z, w*) E F x R 
if for every net {wr, l? E A} in R, 
implies that 
;$I% 21r(2) = w*(X) (I@ 
in the sense of linearly ordered topology. R is said to be continuous if R is continuous at each 
pair (z, v) of F x R. 
THEOREM 4.7. Suppose that L = n{Lz 1 x E F} is a simple granular lattice on F and F has 
a structure (P,cp), and fi is an abstract semantics on L determined by P. Then R is compact 
whenever it is continuous. 
PROOF. Suppose that A E L and 
VB E Fin(A), 32)n E fi S.t. B 5 ?,B, (1% 
we are to prove that there exists V* E fi such that A 5 u*. It is clear that (19) can be rewritten 
as 
VI’ E 2cF) - 0 s.t. V/s E l?, A(z) 5 v&), (20) 
where 2cF) is the family consisting of all finite subsets of F. Define 
[xl = { I E ZCF) 1 x E F > (X E F), E = (14 1% E Fl, (21) 
then it follows from (~1,. . . ,x,} E [XI] fl ... n [zn] that there exists an ultrafiler ‘L7 such that 
E c D. Define UC; E n{ L,, 1 k = 1,2, . . . } as follows: 
k=1,2,.... (22) 
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Because R is determined by P there exists a unique v* E 52 such that 
v*(Pk) = Vo*(Pk), k= 1,2,.... (23) 
We need only to prove that Vx E F,A(x) < v*(x) holds. Suppose on the contrary that there 
exists aZ E F such that V*(Z) < A(T). Assume that p(Z) = {ql, . . . , qm}, where cp is the mapping 
given in (16). Because R is continuous at (Z, v*) it follows that (17) implies (18). Let 
A= &J,J 
( 
IC is an open interval containing v*(qk), k = 1,. . . , m 
k=l I 
and define flp=“=, Jk I flr=r Jk if JL C Jk (k = 1, . . . , m), then (A, I) is a directed set. Suppose 
that J = np=“=, Jk E A, then it follows from (22) and (23) that there exist dr, . . . , d, E D such 
that 
inf{dqk) 1 r E dk} E Jk and inf{vr(qk) 1 r E dk} < v*(qk), 
Let d = dl n . . . n d, n [z], then d E D and (22) and (23) imply that 




inf{vr(qk) I r E 4 E Jk, k= l,...,m. (25) 
Suppose that bk is the upper end of the open interval Jk (k = 1,. . . , m). Suppose that 
xk = {r E zcF) - 8 1 Or (qk) < bk } , Whf.?re V*(qk) < bk, 1 I k < m, 
then either XI, E D or 21F) - XI, E D because D is an ultrafilter. But 2tF) - XI, E D leads to 
e = inf Wr(qk) 1 r E dF) - & 1 > 
> bk > V*(qk), 
and it follows from (22) and (23) that e 5 u*(qk), a contradiction! Hence, & E 2) holds for 
each k of which ?J*(Qk) < bk holds (1 2 k 5 m). Let 
c = n {ck I v*(qk) < bk, 1 5 k I m}, 
then C E V and so d n C E D. Choose and fjx any rJ E d fl C, then 
inf{dqk) I r E 4 5 vr,(qk) < bk, W*(qk) < bk, 1 5 k 5 m. (2’3) 
Moreover, it is clear bk = v*(qk) holds only if u*(qk) is the largest element l,, of Lqk, hence it 
follows from (26) and (25) that 
Therefore, 
ur,(Qk) E Jk, k = l,...,m. 
j$ +, (qk) = v*(qk) 
(27) 
(28) 
holds because Jk is any given neighbourhood of V*(qk) (k = 1,. . . , m). By virtue of the continuity 
of R it follows from (28) that 
Ji.$ Vr, (2) = 2r* (Z) (29) 
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